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Figure 1: Vertex transformation pipeline.� In Figure 1, vertex 
oordinates are operated on as ve
-tors. Depending of the depth of nesting of obje
ts |think world, robot, robot-arm, arm-hand, hand-�nger,�nger-joint, . . . and large number of transformations maybe 
ontained in (via 
omposition) the modelview matrix� . . . ve
tors as 
omponents with respe
t to a basis . . . 
anuse matrix arithmeti
 to implement linear transformations� express a ve
tor u in terms of a weighted sum of basisve
tors, u = u1e1 + u2e2; (1)and then apply linearity rules,v = T (u) = T (u1e1 + u2e2); (2)= u1T (e1) + u2T (e2):1



� any ve
tor 
an be expressed as a linear 
ombination ofthe basis ve
tors� so we 
an write T (e1) = a1e1 + b1e2; (3)and T (e2) = a2e1 + b2e2: (4)� substitute these last two equations into eqn. 3 to getT (u) = u1a1e1 + u1b1e2 + u2a2e1 + u2b2e2; (5)= (u1a1 + u2a2)e1 + (b1u1 + b2u2)e2:� v = v1e1 + v2e2, then 
olle
ting the e1 and e2, 
oeÆ-
ients, we have, v1 = a1u1 + b1u2; ; (6)v2 = b1u1 + b2u2:: (7)� a matrix equation . . .
v = Au: (8)A is a 2 row � 2 
olumn matrix, A = [ a1 b1a2 b2 ], vis a one 
olumn two row matrix, 
ontaining a tuple ofve
tor 
omponents, i.e. v is a two-dimensional ve
tor,v = [ v1v2 ] and u is another a two-dimensional ve
tor,u = [ u1u2 ]. 2



Points and Ve
tors� points, e.g. P = (Px ; Py)� ve
tors, e.g. v = (v1v2)t� Y=you 
ould be ex
used for 
onfusing points and ve
tors.The di�eren
e is rather subtle. When we say that Pabove 
an be represented by a ve
tor p = (p1; p2), whatwe mean is that P 
an be represented by the dire
tedline (ve
tor) OP = p, where O is the origin | a point,P = O + p.� You 
an add a ve
tor to a point to get a point.
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Some Transformations� the �rst 
olumn of A is the ve
tor that results in trans-forming e1 = (1; 0)t. Se
ond 
olumn of A the ve
tortransforms e2 = (0; 1)t.

Figure 2: 2D Re
tangle. (1, 0) and (0, 1) are marked as solid points.� S
alingWe transform using [ 2 00 1:5 ] : Sure enough, we get (1; 0)! (2; 0) and (0; 1)! (0; 1:5),see Figure 3(a), just as we expe
ted. Next transform using [ 1 00 2 ] : We get (1; 0)! (1; 0)and (0; 1)! (0; 2), see Figure 3(b), again as expe
ted.

Figure 3: S
aling. (a) s
ale x by 2, y by 1.5; (b) s
ale x by 1, y by 2.4



� RotationWe transform using [ 
os 30Æ � sin 30Æsin 30Æ 
os 30Æ ] = [ 0:866 �0:50:5 0:866 ] :Sure enough, we get (1; 0)! (0:866; 0:5) and (0; 1)!(�0:5; 0:866), see Figure 4(a), just as we expe
ted.Next transform using [ 
os 45Æ � sin 45Æsin 45Æ 
os 45Æ ] = [ 0:707 �0:7070:707 0:707 :We get (1; 0)! (0:707; 0:707) and (0; 1)! (�0:707; 0:707),see Figure 4(b), just as expe
ted.

Figure 4: Rotation. (a) 30 degrees; (b) 45 degrees.� But we have a big problem, we 
annot do translationusing matri
es . . .
[ vxvy ] = [ txty ] + [ uxuy ] : (9)� the homogeneous 
oordinate representation �xes this.
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