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Chapter 1

Intr oduction

This noteis a reworking of someof the basic patternrecognitionand neural network materialcoveredin (Campbell&
Murtagh1998);it includessomematerialfrom (Campbell2000). Chapter3 containsmoredetailthanotherchaptersgxcept
for the rst pagethis couldbeskippedon rst reading.

We de ne/summarizea patternrecognitionsystemusingtheblock diagramin Figurel1.1.

X Pattern Recognition w (omega)
—=.| System (Classifier) =

sensed Jass

data

Figurel.1: Patternrecognitionsystemy atuple of p measurementsutputw — classlabel.

In somecasesthis might work; i.e. we collectthe pixel valuesof a sub-imagehat containsthe objectof interestandplace
themin ap-tuplex andleave everythingto the classi er algorithm.However, Figure1.2 shavs amorerealisticsetup.In this
arrangement— still somevhatidealisedfor example,we assumehatwe have somehav isolatedthe objectin a (sub)image
— we sggmenttheimageinto objectpixels(valuel, say)andbackgroundgixels(value0).

In sucha setupwe cando all the problemspeci c processingn the rst two stagesandpassthe featurevector(in general
p-dimensional}o agenerapurposeclassi er.

raw binary - class (++)
—=| segment feature classifier I
image image extractor tuple label

features (*)
General pattern recognition

* For example, in the trivial case of identifying '0' and '1'
we could have a feature vector (x1 = width, x2 = ink area).

++ class = 0, 1; in a true OCR problem (A-Z;0-9), class = 1..36.
Figurel.2: Imagepatternrecognition— problemseparated.

Patternrecognition(classi cation) may be posedas an inferenceproblem. The inferenceinvolvesclasslabels,thatis we
have a setof examples(trainingdata), Xt = f xj;wiglL ;. X is the patternvector— of course we freely admitthatin certain

X= (Xo Xyt Xp 1)T, ap-dimensionatector;” denotedransposition.

Fromnow onwe concentraten classi er algorithms,andwe referonly occasionallyto concreteexamples.



Chapter 2

Simple classi er algorithms

2.1 Thresholdingfor one-dimensionaldata

In our simplistic characterecognitionsystemwe requireto recogniséwo characters,0' and 1. We extracttwo features:
width andinkedarea. Thesecomprisethefeaturevector x = (x1 x2)T.

0000000000
111111
T T T T T T
1 2 3 4 5 6 x1
T

Figure2.1: Width data,x;.

Let us seewhetherwe canrecogniseusingwidth alone(x;. Figure2.1 shavs some(training) datathat hasbeencollected.
We seethatathreshold(T) setataboutx; = 2:8 is thebestwe cando; theclassi cationalgorithmis:

1whenx; T; (2.1)
0 otherwise (2.2)

=
I

Useof histogramsseeFigure2.2 might be a moremethodicalWay of determiningthethreshold,T.

If enoughtrainingdatawereavailable,n! ¥, thehistogramsho(x1); hi(x1), properlynormalisedvould approaciprobability
densities:po(x1); p1(x1), moreproperlycalledclassconditionalprobability densities:p(x1 j w);w = 0; 1, seeFigure2.3.

Whenthe featurevectoris three-dimensionalp = 3) or more, it becomesmpossibleto estimatethe probability densities
usinghistogrambinning— therearea greatmary bins,andmostof themcontainno data.
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Figure2.2: Width data,x1, with histogram.
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Figure2.3: Classconditionaldensities.



2.2 Linear separatinglines/planesfor two-dimensions

Sincethereis overlapin thewidth, x;, measurementet us usethe two featuresx = (x1x2)T, i.e. (width, area).Figure2.4

shows a scattemplot of thesedata.

5 X2 | \\
N 000
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1 . 00000
2 1111 0000
11111 0000
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111 N
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Figure2.4: Two dimensionsscattemplot.

Thedottedline shavs thatthe dataareseparabldy a straightline; it interceptdheaxesatx; = 4:5andxz = 6.

Apartfrom plotting thedataanddrawing theline, how couldwe derive it from the data?(Thinking of acomputemprogram.)

2.3 Nearestmeanclassi er

Figure2.5shavs theline joining the classmeansandthe perpendiculabisectorof this line; the perpendiculabisectorturns
outto betheseparatindine. We canderive the equationof the separatindine usingthefactthatpointson it areequidistant

to bothmeansg; 11, andexpandusingPythagoras theorem,

X Hi? = ix

(X1 HoD?+ (2 Ho2)® = (1 H)?+ (e 2%

We eventuallyobtain

(Ho1 X+ (Ho2 HiXe (Moa+ M52 ME1 HED) = O;

whichis of theform

bixi+ boxo  bg= O:

In Figure2.5, o1 = 4; o2 = 3; 11 = 2; 2= 1:5; with thesevalueseqn2.6 becomes

4x1+ 33X 1875= 0;

whichinterceptghex; axisat1875=4 4:7 andthex; axisat18:75=3= 6:25.

(2.3)
(2.4)

(2.5)

(2.6)

2.7)
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Figure2.5: Two dimensionakcattemplot shoving meansandseparatindine.
2.4 Normal form of the separatingline, projections,and linear discriminants

Eqgn2.6becomesnoreinterestingandusefulin its normalform,

axp+ agxe ap=0; (2.8)

wherea§+ a% = 1, egn2.8 canbeobtainedrom egn2.6 by dividing acrosshy b§+ b%.

Figure2.6 shavsinterpretation®f the normalform straightline equationgegn2.8. The coefcients of theunit vectornormal

to theline aren = (a1ay)" andag is the perpendiculadistancefrom the line to the origin. Incidentally the components
correspondo thedirectioncosine®f n= (a;ay)" = (cosgsingaz)". Thus,(Foley, vanDam,Feiner Hughes& Phillips 1994)

n corresponds$o onerow of a (frame)rotating matrix; in otherwords, seebelow, section 2.5, dot productof the vector

expressiorof a pointwith n, correspond$o projectiononton. (Notethatcosp=2 ¢g= sing.)

Also asshavnin Figure2.6,pointsx = (x1x2) " onthesideof theline towhichn = (ajay)T pointshaveaix; + apxp  ag> 0,
whilst pointsonthe othersidehave aix; + agXs  ap < 0; aswe know, pointsontheline haveaixs + agxo  ag= 0.

2.5 Projection and linear discriminant

We know thatax; + axx» = a' x, thedotproductof n = (aap) T andx representthe projectionof pointsx onton — yielding
thescalarvaluealongn, with ag xing theorigin. Thisis plausible:projectingonton yieldsoptimumseparability

Suchaprojection,
g(X) = arxq + agxz; (2.9)

is calledalinear discriminant now we canadaptequationeqn.2.2,

w = 0wheng(x) > ap; (2.10)
= 1;9(x) < ag; (2.11)
= tie;g(x) = ap: (2.12)

Lineardiscriminantsgqn.2.12,areoftenwritten as
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Figure2.6: Normalform of a straightline, interpretations.

g(x) = arxa+ aXz  ao; (2.13)
whenceeqn.2.12becomes
w = Owheng(x) > 0; (2.14)
= Lgx)<0; (2.15)
= tie;g(x) = 0: (2.16)

2.6 Projectionsand linear discriminants in p dimensions
Equation2.13readilygeneraliseto p dimensionsn is aunit vectorin p dimensionaspacenormaltothethep 1 sepaating
hyperplane For example,whenp = 3, n is the unit vectornormalto the sepaating plane

Otherimportantprojectionsusedin patternrecognitionare Principal ComponentsAnalysis (PCA), seesection A.1 and
Fishers LinearDiscriminant,seesectionA.2.

2.7 Template Matching and Discriminants

An intuitive (but well founded)classi cation methodis that of templatematding or correlation matding. Herewe have
perfector averageexamplesof classestoredin vectorsf z jgf: 1, onefor eachclass. Without lossof generality we assume
thatall vectorsarenormalisedo unit length.

Classi cationof annewly arrivedvectorx entailscomputingits template/corelationmatd with all c templates:
x'z; (2.17)

classw is choseras | correspondingo the maximumof eqn.2.17.

Yetagainwe seethatclassi cationinvolvesdot product,projection,andalineardiscriminant.



2.8 Nearestneighbour methods

Obviously, we maynotalwayshave thelinearseparabilityof Figure2.5. Onenon-paametricmethodis to go beyondnearest
mean,seeegn.2.4,to computethe nearestneighbourin theentiretraining dataset,andto decideclassaccordingo theclass
of thenearesheighbour

A variationis k nearestneighbour whereavoteis takenoverthe classe®f k nearesheighbours.



Chapter 3

Statistical methods

RecallFigure2.3,repeatedereasFigure3.1.

p(x1]1)

o

111111
| | | | | |

1 2 3 4 5 6 x1

Figure3.1: Classconditionaldensities.

We have classconditionalprobability densities: p(x1 j w);w = 0;1; givena newly arrived x? we might decideon its class
accordingto the maximumclassconditionalprobability densityat x?, i.e. seta thresholdT wherep(xy j 0) and p(x¢ j 1)
cross,seefFigure3.1.

Thisis notcompletelycorrect. Whatwe wantis the probability of eachclass(its posteriorprobability) basedntheevidence
suppliedby thedata,combinedwith arny prior evidence.

In whatfollows, P(w j x) is the posteriorprobability or “a posterioriprobability” of classw giventhe obsenation x; P(w)
is the prior probability or “a priori probability”. We useuppercaseP(:) for discreteprobabilities,whilst lower casep(:)
denotegprobabilitydensities.

Let theBayesdecisionrule berepresentely afunctiong(:) of thefeaturevectorx:

9(x) = arg maxy,2wP(W; j X)] 3.1

To shaw thatthe Bayesdecisionrule, egn. 3.1, achiezesthe minimum probability of error, we computethe probability of
errorconditionalon thefeaturevectorx — the conditionalrisk — associatedvith it:

ROX) =wjjx)= & P(wjx): (3.2)
k=1;k6 j



Thatis to say for the pointx we computethe posteriorprobabilitiesof all thec 1 classesotchosen.

tiesandsosumto unity, eqn.3.2reducego:
R(g(x) = wj) =1 P(wjjx): (3.3)

It immediatelyfollowsthat,to minimiseR(g(x) = wj), we maximiseP(wj j X), thusestablishinghe optimality of eqn.3.1.

Theproblemnow is to determineP(w j X) which bringsusto Bayes'rule.

3.1 Bayes'Rule for the Inversion of Conditional Probabilities

Fromthede nition of conditionalprobability, we have:

p(w; x) = P(W] x) p(X); (3.4)
and,owing to thefactthatthe eventsin ajoint probabilityareinterchangeablaye canequatehejoint probabilities:
p(w;x) = p(x;w) = p(x j w)P(w): (3.5)

Therefore gquatingtheright handsidesof theseequationsandrearrangingwe arrive at Bayes'rule for the posteriorproba-
bility P(wj x):

. p(xj w)P(w)
Pwjx)= ———=: 3.6
(wix = == (36)
P(w) expresse®ur belief thatw will occur, prior to ary obsenation. If we have no prior knowledge,we canassumeaqual
priorsfor eachclass:P(wy) = P(wp)::: = P(WC);éJ?:lP(wj) = 1. Althoughwe avoid furtherdiscussiorhere,we notethat

the matterof choiceof prior probabilitiesis the subjectof considerablaliscussiorespeciallyin the literatureon Bayesian
inference see for example,(Sivia 1996).

p(x) is theunconditionalprobability densityof x, andcanbe obtainedoy summingthe conditionaldensities:

p(x) = & P(xj wj)P(w;j): (3.7)
=1

Thus,to solve eqn.3.6,it remaingo estimatethe conditionaldensities.

3.2 Parametric Methods

Wherewe canassumehatthe densitiesfollow a particularform, for example Gaussianthe densityestimationproblemis
reducedo thatof estimationof parameters.

ThemultivariateGaussiaror “Normal” density p-dimensionaljs givenby:

(X wj) = expl 3¢ w)TK M )] (3.8)

1
(2p)P2jKjjt=2

p(x j wj) is completelyspeci ed by ;, the p-dimensionameanvector andK j thecorrespondingy  p covariancematrix

Hj = EXlw=w;; (3.9
Kj=E[(x p)(X M) Ta=w: (3.10)
Therespectre maximumlik elihoodestimatesre:
1y
o
= a xm (3.11)
I n=1
and,
N
— 1 2 T.
Ki= g7 & m)n W) (3.12)
J n=1

wherewe have separatethetrainingdataXt = f xp; wngﬁz , into setsaccordingo class.

10



3.3 Discriminants basedon GaussianDensity

We maywrite egn.3.6 asa discriminantfunction:

- p(xj wj)P(wj) .
j(X) = P(wjjXx) = ——"——=; 3.13
gj(x) (wj j x) o(x) ( )
sothatclassi cation,eqn.3.1,becomes matterof assigningx to classw; if,
gj(x) > gk(x);8k 6 |: (3.14)

Sincep(x), the denominatoof eqn.3.13is the samefor all gj(x) andsinceeqn.3.14involvescomparisoronly, we may
rewrite eqn.3.13as

9i(x) = p(xj wj)P(w;j): (3.15)

We may derive a further possiblediscriminantby taking the logarithmof eqn.3.15— sincelogarithmis a monotonically
increasingunction,applicationof it preseresrelative orderof its arguments:

gj(x) = log p(xj wj) + log P(w;j): (3.16)
In the multivariateGaussiarcase gqn.3.16becomegDuda& Hart1973),
_ 1 ! p 1o
gj(x) = E(x M) K (X 1) EIogZp ElogJij+IogP(wj) (3.17)

Henceforthwe referto eqn.3.17asthe Bayes-Gausslassi er.

The multivariateGaussiardensityprovidesa goodcharacterisationf pattern(vector)distribution wherewe canmodelthe
generatiorof patternsas ‘ideal patternplusmeasuremermtoise'; for aninstanceof ameasuredectorx from classwj:

Xn= Wj+ en; (3.18)

wheree,  N(0;Kj), thatis, the noisecovarianceis classdependent.

3.4 Bayes-Gaus<lassi er — SpecialCases

(Duda& Hart1973,pp. 26-31)

Revealingcomparisonsvith the otherlearningparadigmsawvhich play animportantrole in this thesisaremadepossiblef we

examineparticularformsof noisecovariancen whichthe Bayes-Gausslassi er decaydo certaininterestingimiting forms:
EqualandDiagonalCovariancegK j = s21;8j, wherel is theunit matrix); in this casecertainimportantequivalences

with egn.3.17canbedemonstrated:

Nearestmeanclassi er;

Lineardiscriminant;
Templatematching;

Matched lter;

— Singlelayerneuralnetwork classi er.

Equalbut Non-diagonalCovarianceMatrices.

— Nearesimeanclassi er usingMahalanobiglistance;
and,asin the caseof diagonalcovariance,

— Lineardiscriminantfunction;
— Singlelayerneuralnetwork;

11



3.4.1 Equal and Diagonal Covariances

Wheneachclasshasthe samecovariancematrix, andthesearediagonalwe have,K j = s?l, sothatK; 1= §12|_ Sincethe
covariancematricesareequal,we caneliminatethe % jlogKj j; the gl 0g2p termis constanin ary case;thus,includingthe
simpli cation of the (x I.lj)TKJ- Y(x Hj), eqn.3.17mayberewritten:

GO = 5ep(x W)T(X )+ logP(w) (3.19)

1
57K k2 + logP(wj): (3.20)

Nearestmeanclassi er If we assumesqualprior probabilitiesP(w;j), the secondermin eqn.3.20may be eliminatedfor
comparisorpurposesandwe areleft with a nearestmeanclassi er.

Linear discriminant If we furtherexpandthe squaredistanceerm,we have,
1
gj(x) = @(XTX 207 x+ pl ) + logP(w;); (3.21)

which mayberewritten asalinear discriminant:

gj() = Wjo+ W] x (3.22)
where 1
Wio= 55 (k] ) + logP(w)); (3.23)
and 1
wij = ?Hj: (3.24)

Template matching In this latter form the Bayes-Gausslassi er may be seento be performingtemplatematding or
correlationmatchingwherew; = constant p;, thatis, the prototypicalpatternfor classj, the meany;, is thetemplate

Matched Iter In radarandcommunicationsystemsa matdied Iter detectoris an optimumdetectorof (subsequence)
signals,for example,communicatiorsymbols. If the vectorx is written asa time series(a digital signal),x[n];n= 0;1;:::
thenthematchedlIter for eachsignalj maybeimplementedasa corvolution:

N 1
yilnl=x[n] hin]= & xin  m] hy[m]; (3.25)

m=0

wherethe kernelh[:] is atime reversedtemplate— thatis, at eachtime instant,the correlationbetweenrh[:] andthelastN
sample®f x[:] arecomputed Providedsomethresholds exceededthe signalachiezing themaximumcorrelationis detected.

SingleLayer Neural Network If we restrictthe problemto two classeswe canwrite theclassi cationrule as:

01(X) g2(x) 0: wy; otherwisew, (3.26)
wo+ W'x; (3.27)

a(x)

wherewo = 5L (Wi ko) + logy

andw = H(u ).

In otherwords, eqn.3.27 implementsa linear combination,addsa bias, andthresholdghe result— thatis, a singlelayer
neuralnetwork with a hard-limitactivationfunction.

(Dudaé& Hart1973)furtherdemonstrat¢hateqn.3.20implementsa hyperplanepartitioningof the featurespace.

12



3.4.2 Equal but General Covariances

Wheneachclasshasthe samecovariancematrix, K, eqn.3.17reducego:

gi(x) = (x W)TK (x )+ logP(w;) (3.28)

NearestMean Classi er, Mahalanobis Distance If we have equalprior probabilitiesP(w;j), we arrive at a neaestmean
classi er wherethe distancecalculationis weighted. The Mahalanobisdistance(x U.j)TKJ- Y(x Y;) effectively weights
contributionsaccordingto inversevariance.Pointsof equalMahalanobiglistancecorrespondo pointsof equalconditional
densityp(x j wj).

Linear Discriminant Eqn.3.28mayberewrittenasalinear discriminant seealsosection2.5:

gj(x) = Wjo+ w]x (3.29)
where 1
Wjo = 5(HJTK 1) + logP(wj); (3.30)
and
wj =K 1y (3.31)

Weightedtemplate matching, matched lter  In thislatterform the Bayes-Gausslassi er maybe seento be performing
weightedtemplatematching.

Single Layer Neural Network As for the diagonalcovariancematrix, it canbe easilydemonstratethat, for two classes,
egns.3.29-3.31 may be implementedy a singleneuron. The only differencefrom egn.3.27is thatthe non-biasweights,
insteadof beingsimplea differencebetweermeansjs now weightedby theinverseof the covariancematrix.

3.5 Leastsquareerror trained classi er
We canformulatethe problemof classi cationasaleast-square-errgroblem.Let usrequirethe classi er to outputa class
membershipndicator2 [0; 1] for eachclass,we canwrite:

d= f(x) (3.32)
whered = (dy;dp;:::dg)7 is the c-dimensionalectorof classindicatorsandx, asusual the p-dimensionafeaturevector

We canexpressndividual classmembershipndicatorsas:

p
dj= bo+ § bix + & (3.33)
i=1

In order to continue the  analysis, we recall the theory of linear  regression
(Beck& Arnold 1977).

Linear Regression Thesimplestinearmodel,y = mx+ c, of schoolmathematicsis givenby:
y= bo+ bix+ € (3.34)

which shavsthe dependencef thedependentariabley ontheindependentariablex. In otherwords,y is alinearfunction
of x andthe obsenationis subjectto noise,e; e is assumedo be a zero-mearrandomprocess.Strictly eqn.3.34is af ne,
sinceby is included,but commonusagedictatesthe useof linear. Taking the nth obsenation of (x;y), we have (Beck &
Arnold 1977,p. 133):

Yn = bo+ bixn+ en (3.35)

13



Leastsquareerror estimatorsfor by and by, 60 and 61 may be obtainedfrom a setof pairedobsenationsf xn;yngﬁz1 by
minimisingthe sumof squaredesiduals:

N N

S=ari= albh Y)? (3.36)
n=1 n=1
§ 2

S= a(yn bo bixp) (3.37)
n=1

Minimising with respecto by andby, andreplacingthesewith their estimatorsbo andb, givesthefamiliar result:

bi= N[A yn (@ W@ NENE@E X (&%) (3.38)

ayn b1a xn
Xn

bo= = N

(3.39)

The validity of theseestimatesioesnot dependon the distribution of the errorsey; thatis, assumptiorof Gaussianityis not
essentialOnthe otherhand,all the simplestestimationproceduresincludingeqns.3.38and 3.39,assumehex,, to beerror
free,andthatthe errore, is associateavith yy.

In the casewherey, still one-dimensionalis a function of mary independentariables— p in our usualformulation of
p-dimensionafeaturevectors— eqn.3.35becomes:

p
yn= bo+ @ bixin + €n (3.40)
i=1

wherex;, is thei-th componenbf then-th featurevector
Egn.3.40canbewritten compactlyas:

Yn= Xpb+ en (3.41)
featurevector Theconstantl in theaugmentedectorcorrespond$o thecoefcient by, thatis it is thesocalledbiasterm of
neuralnetworks,seesection2.5and4.

All N obsenationequationsnaynow becollectedtogether:

Now, the sumof squaredesidualseqn.3.36,becomes:
S=(y Xxb': (3.43)
Minimising with respecto b — justaseqn.3.36wasminimisedwith respecto by andb; — leadsto a solutionfor b (Beck

& Arnold 1977,p. 235): A
b= (XTX) XTy: (3.44)

The jk-th elementof the (p+ 1) (p+ 1) matrix XX is éﬁzlxnjxnk, in otherwords,just N the jk-th elementof the

autocorelationmatrix, R, of thevectorof independentariablesx estimatedrom theN samplevectors.

If, asin theleast-square-erralassi er, we have multiple dependentariableq)y), in this casec of them,we canreplacey in
eqgn.3.44with anappropriatamatrixN ¢ matrix Y formedby N rows eachof ¢ obserations.Now, eqn.3.44becomes:

B= (XTX) XTy (3.45)

XTY isap+1 cmatrix, andB is a(p+ 1) cmatrixof coefcients — thatis, onecolumnof p+ 1 coefcients for each
class.

Eqgn.3.45de nesthetraining “algorithm' of our classi er.

14



Applicationof theclassi er to afeaturevectorx maybeexpresseds:

¥=Bx: (3.46)

It remainsto nd the maximumof thec componentsf ¥.

In atwo-classcase this least-square-errdraining algorithmyields anidenticaldiscriminantto Fishers linear discriminant
(Duda& Hart1973).Fishers lineardiscriminantis describedn sectionA.2.

Eqgn. 3.45 hasone signi cant weaknessit dependson the condition of the matrix XTX. As with ary autocorrelatioror

auto-cavariancematrix, this cannotbe guaranteedfor example,linearly dependenteatureswill renderthe matrix singular

In fact, thereis an elegantindirectimplementatiorof egn.3.45involving the singularvalue decompositio(SVD) (Press,
Flannery Teukolsky & Vetterling1992),(Golub & VanLoan 1989). The Widrow-Hof iterative gradient-descerttaining

procedurgWidrow & Lehr 1990)developedin the early 1960stacklesthe problemin a differentmanner

3.6 Generalisedlinear discriminant function

Eqn.2.13maybeadaptedo copewith ary function(s)of thefeaturesx;; we cande ne anew featurevectorx®where:

X = fi(x): (3.47)

In the patternrecognitionliterature, the solution of eqn.3.47 involving now the vectorx®is called the genealised linear
discriminantfunction(Duda& Hart 1973,Nilsson1965).

It is desirableto escapdrom the x ed modelof eqn.3.47: the form of the f(x) mustbe known in advance. Multilayer
perceptronlMLP) neuralnetworks provide sucha solution. We have alreadyshavn the correspondencketweerthe linear
model,eqn.3.41,andasinglelayer neuralnetwork with a singleoutputnodeandlinear activationfunction. An MLP with
appropriatenon-linearactivationfunctions,e.g. sigmoid, providesa model-feeandarbitrarynon-linearsolutionto learning
themappingbetweerx andy (Kosko 1992, Hecht-Nielser1990,Haykin 1999).

15



Chapter 4

Neural networks

Herewe show thata single neuronimplementsa linear discriminant(andhencealsoimplementsa separatindhyperplane).
Thenwe proceedo adiscussiorwhichindicateghata neuralnetwork comprisingthreeprocessindayerscanimplementany
arbitrarily comple< decisionregion.

Recallegn.2.12,with a; ! w;, andnow (arbitrarily) allocatingdiscriminantvaluezeroto class0,

(
P 0, w=0
g(x) = a WX Wo

4.1
i1 >0, w=1 “-1)

Figure4.1shownsasinglearti cial neuronwhichimplementspreciselyegn.4.1.

+1 (bias)

wO

Figure4.1: Singleneuron.

Thesignal o ws into the neuron(circle) areweighted;the neuronrecevesw;x;. The neuronsumsandappliesa hardlimit
(output=1 whensum> 0, otherwise0). Laterwe will introducea sigmoidactivationfunction (softertransition)insteadof
the hardlimit.

Thethresholdermin thelineardiscriminant(ag in eqn.2.13)is providedby wg + 1. Anotherinterpretatiorof bias,useful
in mathematicahnalysisof neuralnetworks, seesection3.5, is to representt by a constantcomponent;+1, asthe zeroth
componenbf theaugmentedeaturevector

Justto reemphasisehe linear boundarynatureof linear discriminants(and henceneural networks), examine the two-
dimensionatase,
0, w=0
WiX1+ WoXo W, ' 4.2
1A1 2R2 0 S 0; w= 1 ( )

Theboundanbetweerclassesgivenby wixs + woxo W = 0, is astraightline with x;-axisinterceptat wp=wj; andx,-axis
interceptat wp=w», seeFigure4.2.
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X2

wo/w2 K

wl/w0 . x1

Figure4.2: Separatindine implementedy two-inputneuron.

17



4.1 Neuronsfor BooleanFunctions

A neuronwith weightswp =  0:5;andw; = w, = 0:35implementsa BooleanAND:

x1  x2 AND(x1,x2) Neuron summation Hard-limit (>0?)
0 0 0 sum = -05 + 035x1 + 0.35x2 = -05 => output= O
1 0 0 sum = -05 + 0.35x1 + 0.35x2 = -0.15 => output= O
0 1 0 sum = -05 + 0.35x1 + 0.35x2 = -0.15 => output= O
1 1 1 sum = -0.5 + 0.35x1 + 0.35x2 = +0.2 => output= 1

Similarly, aneuronwith weightswp =  0:25;andw; = wp = 0:35implementsa BooleanOR.

Figure4.3shavsthe x;-xo-planerepresentationf AND, OR,andXOR (exclusive-or).

X2 I X2
i 1 x21p !
1710 Sk 1 1 0
0 0 .. o~ 1 0 1
I N —\—% —‘?
1x1 \1\ x1 1x1
AND OR XOR

Figure4.3: AND, OR, XOR.

It is notedthatXOR cannotbeimplementedy a singleneuron;in factit requiredtwo layers. Two layerwerea big problem
in the rst wave of neuralnetwork researctlin the 1960s whenit wasnotknown how to train morethanonelayer.

4.2 Three-layer neural network for arbitrarily complexdecisionregions

The purposeof this sectionis to give anintuitive argumentasto why threeprocessingayerscanimplementan arbitrarily
complex decisionregion.

Figure4.4 shows suchadecisionregion in two-dimensions.

As shavn in the gure, however, each’island’ of classl maybe delineatedusinga seriesof boundariesd;; di12; d13;d14 and
do1; do2; do3; daa.

Figure4.5shavs a three-layemnetwork which canimplementthis decisionregion.

First, justasbefore,inputneuronamplementseparatingines (hyperplanes)l11, etc. Next, in layer2, we AND togethetthe
decisionsrom the separatindiyperplaneso obtaindecisions;in islandl’, “inisland2'. Finally, in the outputlayer, we OR
togetherthe latterdecisionsthuswe canconstructanarbitrarily comple partitioning.

Of course this is merelyanintuitive argument. A threelayer neuralnetwork trainedwith badk-propagationor someother
techniquamight well achieve the partitioningin quitea differentmanner

4.3 Sigmoid activation functions

If aneuralnetwork is to betrainedusingbackpropagatioor similartechniquehard limit activationfunctionscauseproblems
(associateavith differentiation).Sigmoidactivationfunctionsareusedinstead A sigmoidactivationfunctioncorresponding
to the hardlimit progressefrom outputvalueO at ¥, passeshroughO with value0.5and attens outatvaluel at+ ¥.
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Figure4.4: Comple decisionregion required.
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+1 (bias)

dil
x1

“N
)‘

Xp

+1
di3

AND

class
d14

OR

d21

4 AND

X
.I\) .

Figure4.5: Three-layeneuralnetwork implementinganarbitrarily complex decisionregion.
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Appendix A

Principal ComponentsAnalysis and Fisher's
Linear Discriminant Analysis

A.1 Principal ComponentsAnalysis

Principalcomponentanalysis(PCA), alsocalledKarhunen-L@&we transform(Duda,Hart & Stork2000)is a lineartransfor
mationwhich mapsa p-dimensionafeaturevectorx 2 RP to anothervectory 2 RP wherethe transformatioris optimised
suchthatthecomponentsf y containmaximuminformationin a least-squag-erior senseln otherwords,if we takethe rst

r pcomponentgy®2 RY), thenusingtheinversetransformationye canreproduces with minimumerror. Yetanothewiew
is thatthe rst few component®f y containmostof the variance thatis, in thosecomponentsthe transformatiorstretches
the datamaximally apart. It is this thatmakesPCA goodfor visualisationof the datain two dimensionsj.e. the rst two
principalcomponentgive anoptimumview of the spreacbf thedata.

We notehowever, unlike linear discriminantanalysis seesectionA.2, PCA doesnot take accounf classlabels.Henceit is
typically amoreusefulvisualisationof theinherentvariability of the data.

In generakk canberepresentedyithouterror, by thefollowing expansion:

p
x=Uy= 3 wu (A1)
i=1
where
y; is theith componenbfy and (A.2)
where
U= (ug;up;:::;up) (A.3)
is anorthonormalmatrix:
Ujuk = djk = 1; wheni = k; otherwise= 0: (A.4)
If we truncatethe expansionati = q
0 3
xX'= Ugy = a VYili; (A.5)
i=1

we obtainaleastsquae error approximatiorof x, i.e.

ix  x9= minimum (A.6)
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Theoptimumtransformatiommatrix U turnsoutto bethe eigervectormatrix of the samplecovariancematrix C:

C= —A'A; (A.7)

1
N
whereA istheN p samplematrix.

ucut=L; (A.8)

thediagonalmatrix of eigervalues.

A.2 Fisher'sLinear Discriminant Analysis
In contrastwith PCA (seesectionA.1), linear discriminantanalysis(LDA) transformsthe datato provide optimal class
separabilityDudaetal. 2000)(Fisher1936).

Fishersoriginal LDA, for two-classdata,is obtainedasfollows. We introducealineardiscriminantu (ap-dimensionalector
of weights— theweightsarevery similar to the weightsusedin neurl network3 which, via a dot product,mapsa feature
vectorx to ascalar

y= u'x: (A.9)

u is optimisedto maximisesimultaneously(a) the separabilityof the classegbetween-classepanbility), and(b) the clus-
teringtogetherof sameclassdata(within-classclustering. Mathematicallythis criterioncanbe expresseds:

u'Sgu
J(u) = ——: A.10
(W= gy (A10)
whereSg is the between-classovariance,
Sg=(m1 mp)(my myp); (A.11)
and
Sv=C1+ Cy; (A.12)
thesumof theclass-conditionatovariancematrices seesectionA. 1.
m; andm, aretheclassmeans.
uis now computedas:
u=S,tm; my (A.13)

Thereareotherformulationsof LDA (Dudaetal. 2000)(Venables& Ripley 2002),particularlyextensionsgrom two-classto
multi-classdata.

In addition,thereareextensiongDudaet al. 2000)(Venables& Ripley 2002)which form a secondliscriminant,orthogonal
to the rst, which optimisesthe separabilityand clusteringcriteria, subjectto the orthogonalityconstraint. The second
dimension/discriminaris usefulto allow the datato beview asatwo-dimensionacattemplot.
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