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Chapter 1

Intr oduction

This note is a reworking of someof the basicpatternrecognitionand neuralnetwork materialcoveredin (Campbell&
Murtagh1998);it includessomematerialfrom (Campbell2000).Chapter3 containsmoredetail thanotherchapters;except
for the�rst page,this couldbeskippedon �rst reading.

We de�ne/summarizea patternrecognitionsystemusingtheblock diagramin Figure1.1.

Pattern Recognition
System

x w (omega)

sensed
data

class

(Classifier)

Figure1.1: Patternrecognitionsystem;x a tupleof p measurements,outputw — classlabel.

In somecases,this might work; i.e. we collect thepixel valuesof a sub-imagethatcontainstheobjectof interestandplace
themin ap-tuplex andleaveeverythingto theclassi�er algorithm.However, Figure1.2showsa morerealisticsetup.In this
arrangement— still somewhatidealised,for example,we assumethatwe havesomehow isolatedtheobjectin a (sub)image
— wesegmenttheimageinto objectpixels(value1, say)andbackgroundpixels(value0).

In sucha setupwe cando all theproblemspeci�c processingin the �rst two stages,andpassthefeaturevector(in general
p-dimensional)to ageneralpurposeclassi�er.

raw

image

binary

image tuple

features

class

label
segment feature

extractor
classifier

General pattern recognition

(++)

(*)

* For example, in the trivial case of identifying '0' and '1'

++ class = 0, 1; in a true OCR problem (A-Z;0-9), class = 1..36.

we could have a feature vector (x1 = width, x2 = ink area).

Figure1.2: Imagepatternrecognition— problemseparated.

Patternrecognition(classi�cation)may be posedasan inferenceproblem. The inferenceinvolvesclasslabels,that is we
have a setof examples(trainingdata),XT = f xi;wign

i= 1. x is thepatternvector— of course,we freely admit that in certain
situationsx is a simplescalar. w is theclasslabel,w 2 W= f w1; : : : ;wcg; givenanunseenpatternx, we infer w. In general,
x = (x0 x1 : : : xp� 1)T , a p-dimensionalvector;T denotestransposition.

Fromnow onwe concentrateonclassi�er algorithms,andwe referonly occasionallyto concreteexamples.
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Chapter 2

Simpleclassi�er algorithms

2.1 Thr esholdingfor one-dimensionaldata

In our simplisticcharacterrecognitionsystemwe requireto recognisetwo characters,̀0' and`1'. We extract two features:
width andinkedarea.Thesecomprisethefeaturevector, x = (x1 x2)T .

x11 2 4 5 63
T

1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0

Figure2.1: Width data,x1.

Let usseewhetherwe canrecogniseusingwidth alone(x1. Figure2.1 shows some(training)datathathasbeencollected.
We seethata threshold(T) setataboutx1 = 2:8 is thebestwe cando; theclassi�cationalgorithmis:

w = 1 whenx1 � T; (2.1)

= 0 otherwise: (2.2)

Useof histograms,seeFigure2.2might bea moremethodicalwayof determiningthethreshold,T.

If enoughtrainingdatawereavailable,n ! ¥ , thehistograms,h0(x1);h1(x1), properlynormalisedwouldapproachprobability
densities:p0(x1); p1(x1), moreproperlycalledclassconditionalprobabilitydensities:p(x1 j w);w = 0;1, seeFigure2.3.

Whenthe featurevector is three-dimensional(p = 3) or more,it becomesimpossibleto estimatethe probability densities
usinghistogrambinning— thereareagreatmany bins,andmostof themcontainnodata.
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x11 2 4 5 63
T

1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0

freq.

h0(x1)

h1(x1)

Figure2.2: Width data,x1, with histogram.

x11 2 4 5 63
T

1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0

p(x1 | 1)

p(x1 | 0)

Figure2.3: Classconditionaldensities.
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2.2 Linear separatinglines/planesfor two-dimensions

Sincethereis overlapin thewidth, x1, measurement,let ususethe two features,x = (x1x2)T , i.e. (width, area).Figure2.4
showsa scatterplot of thesedata.

x11 2 3 4 5 6

x2

1

3

4

5

2

0 0 0

0 0 0 0

0 0 0 0 0 0 

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0
0 0 0 0

  1 
1 1 1 1

1 1 1 1 1 

1 1 1 1 1 1 
1 1 1 1 

1 1 1 

Figure2.4: Two dimensions,scatterplot.

Thedottedline shows thatthedataareseparableby a straightline; it interceptstheaxesat x1 = 4:5 andx2 = 6.

Apart from plotting thedataanddrawing theline, how couldwederive it from thedata?(Thinkingof a computerprogram.)

2.3 Nearestmeanclassi�er

Figure2.5shows theline joining theclassmeansandtheperpendicularbisectorof this line; theperpendicularbisectorturns
out to betheseparatingline. We canderive theequationof theseparatingline usingthefactthatpointson it areequidistant
to bothmeans,µ0;µ1, andexpandusingPythagoras's theorem,

jx � µ0j2 = jx � µ1j2; (2.3)

(x1 � µ01)2 + (x2 � µ02)2 = (x1 � µ11)2 + (x2 � µ12)2: (2.4)

We eventuallyobtain
(µ01 � µ11)x1 + (µ02 � µ12)x2 � (µ2

01+ µ2
02 � µ2

11 � µ2
12) = 0; (2.5)

which is of theform

b1x1 + b2x2 � b0 = 0: (2.6)

In Figure2.5,µ01 = 4;µ02 = 3;µ11 = 2;µ12 = 1:5; with thesevalues,eqn2.6becomes

4x1 + 3x2 � 18:75= 0; (2.7)

which interceptsthex1 axisat 18:75=4 � 4:7 andthex2 axisat 18:75=3= 6:25.
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Figure2.5: Two dimensionalscatterplot showing meansandseparatingline.

2.4 Normal form of the separatingline, projections,and linear discriminants

Eqn2.6becomesmoreinterestingandusefulin its normalform,

a1x1 + a2x2 � a0 = 0; (2.8)

wherea2
1 + a2

2 = 1; eqn2.8canbeobtainedfrom eqn2.6by dividing acrossby
q

b2
1 + b2

2.

Figure2.6showsinterpretationsof thenormalformstraightline equation,eqn2.8.Thecoef�cients of theunit vectornormal
to the line aren = (a1a2)T anda0 is the perpendiculardistancefrom the line to the origin. Incidentally, the components
correspondto thedirectioncosinesof n = (a1a2)T = (cosqsinqa2)T . Thus,(Foley, vanDam,Feiner, Hughes& Phillips1994)
n correspondsto onerow of a (frame) rotatingmatrix; in otherwords,seebelow, section 2.5, dot productof the vector
expressionof apoint with n, correspondsto projectiononton. (Notethatcosp=2� q = sinq.)

Also asshown in Figure2.6,pointsx = (x1x2)T onthesideof theline to whichn = (a1a2)T pointshavea1x1+ a2x2 � a0 > 0,
whilst pointson theothersidehavea1x1 + a2x2 � a0 < 0; aswe know, pointson theline havea1x1 + a2x2 � a0 = 0.

2.5 Projection and linear discriminant

Weknow thata1x1+ a2x2 = aTx, thedotproductof n = (a1a2)T andx representstheprojectionof pointsx onton — yielding
thescalarvaluealongn, with a0 �xing theorigin. This is plausible:projectingonton yieldsoptimumseparability.

Suchaprojection,
g(x) = a1x1 + a2x2; (2.9)

is calleda linear discriminant; now wecanadaptequationeqn.2.2,

w = 0 wheng(x) > a0; (2.10)

= 1;g(x) < a0; (2.11)

= tie;g(x) = a0: (2.12)

Lineardiscriminants,eqn.2.12,areoftenwrittenas
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theta

a0

normal vector (a1, a2)

line
a1x1 + a2x2 �a0 = 0

x1

x2

a0/a1

a0/a2
(x1' x2')

at (x1'', x2'')
a1x1'' + a2x2'' � a0 < 0

a1x1' + a2x2' �a0 > 0

Figure2.6: Normalform of a straightline, interpretations.

g(x) = a1x1 + a2x2 � a0; (2.13)

whenceeqn.2.12becomes

w = 0 wheng(x) > 0; (2.14)

= 1;g(x) < 0; (2.15)

= tie;g(x) = 0: (2.16)

2.6 Projectionsand linear discriminants in p dimensions

Equation2.13readilygeneralisesto p dimensions,n is aunit vectorin p dimensionalspace,normalto thethep� 1separating
hyperplane. For example,whenp = 3, n is theunit vectornormalto theseparatingplane.

Other importantprojectionsusedin patternrecognitionare Principal ComponentsAnalysis (PCA), seesection A.1 and
Fisher'sLinearDiscriminant,seesectionA.2.

2.7 TemplateMatching and Discriminants

An intuitive (but well founded)classi�cationmethodis that of templatematching or correlation matching. Herewe have
perfector averageexamplesof classesstoredin vectorsf z jgc

j= 1, onefor eachclass.Without lossof generality, we assume
thatall vectorsarenormalisedto unit length.

Classi�cationof annewly arrivedvectorx entailscomputingits template/correlationmatch with all c templates:

xTzj ; (2.17)

classw is chosenas j correspondingto themaximumof eqn.2.17.

Yetagainwe seethatclassi�cationinvolvesdotproduct,projection,anda lineardiscriminant.
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2.8 Nearestneighbour methods

Obviously, wemaynotalwayshavethelinearseparabilityof Figure2.5.Onenon-parametricmethodis to gobeyondnearest
mean,seeeqn.2.4,to computethenearestneighbourin theentiretrainingdataset,andto decideclassaccordingto theclass
of thenearestneighbour.

A variationis k nearestneighbour, whereavoteis takenover theclassesof k nearestneighbours.
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Chapter 3

Statistical methods

RecallFigure2.3,repeatedhereasFigure3.1.

x11 2 4 5 63
T

1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0

p(x1 | 1)

p(x1 | 0)

Figure3.1: Classconditionaldensities.

We have classconditionalprobability densities:p(x1 j w);w = 0;1; givena newly arrivedx0
1 we might decideon its class

accordingto the maximumclassconditionalprobability densityat x0
1, i.e. seta thresholdT wherep(x1 j 0) and p(x1 j 1)

cross,seeFigure3.1.

This is notcompletelycorrect.Whatwewantis theprobabilityof eachclass(its posteriorprobability) basedontheevidence
suppliedby thedata,combinedwith any prior evidence.

In what follows, P(w j x) is theposteriorprobability or “a posterioriprobability” of classw giventheobservationx; P(w)
is the prior probability or “a priori probability”. We useuppercaseP(:) for discreteprobabilities,whilst lower casep(:)
denotesprobabilitydensities.

Let theBayesdecisionruleberepresentedby a functiong(:) of thefeaturevectorx:

g(x) = arg maxw j 2W[P(w j j x)] (3.1)

To show that the Bayesdecisionrule, eqn.3.1, achievesthe minimum probability of error, we computethe probability of
errorconditionalon thefeaturevectorx — theconditionalrisk — associatedwith it:

R(g(x) = w j j x) =
c

å
k= 1;k6= j

P(wk j x): (3.2)
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Thatis to say, for thepointx wecomputetheposteriorprobabilitiesof all thec� 1 classesnot chosen.

SinceW= f w1; : : : ;wcg form aneventspace(they aremutuallyexclusiveandexhaustive)andtheP(wk j x)c
k= 1 areprobabili-

tiesandsosumto unity, eqn.3.2reducesto:

R(g(x) = w j ) = 1� P(w j j x): (3.3)

It immediatelyfollows that,to minimiseR(g(x) = w j ), wemaximiseP(w j j x), thusestablishingtheoptimalityof eqn.3.1.

Theproblemnow is to determineP(w j x) whichbringsusto Bayes'rule.

3.1 Bayes' Rule for the Inversionof Conditional Probabilities

Fromthede�nition of conditionalprobability, wehave:

p(w;x) = P(w j x)p(x); (3.4)

and,owing to thefactthattheeventsin a joint probabilityareinterchangeable,we canequatethejoint probabilities:

p(w;x) = p(x;w) = p(x j w)P(w): (3.5)

Therefore,equatingtheright handsidesof theseequations,andrearranging,wearriveat Bayes'rule for theposteriorproba-
bility P(w j x):

P(w j x) =
p(x j w)P(w)

p(x)
: (3.6)

P(w) expressesour belief thatw will occur, prior to any observation. If we have no prior knowledge,we canassumeequal
priorsfor eachclass:P(w1) = P(w2) : : : = P(wc);å c

j= 1P(w j ) = 1. Althoughwe avoid furtherdiscussionhere,we notethat
the matterof choiceof prior probabilitiesis the subjectof considerablediscussionespeciallyin the literatureon Bayesian
inference, see,for example,(Sivia 1996).

p(x) is theunconditionalprobabilitydensityof x, andcanbeobtainedby summingtheconditionaldensities:

p(x) =
c

å
j= 1

p(x j w j )P(w j ): (3.7)

Thus,to solveeqn.3.6,it remainsto estimatetheconditionaldensities.

3.2 Parametric Methods

Wherewe canassumethat thedensitiesfollow a particularform, for exampleGaussian,the densityestimationproblemis
reducedto thatof estimationof parameters.

ThemultivariateGaussianor “Normal” density, p-dimensional,is givenby:

p(x j w j ) =
1

(2p)p=2 j K j j1=2
exp[�

1
2

(x � µ j)TK � 1
j (x � µ j)] (3.8)

p(x j w j ) is completelyspeci�edby µ j , the p-dimensionalmeanvector, andK j thecorrespondingp� p covariancematrix:

µ j = E[x]w= w j ; (3.9)

K j = E[(x � µ j)(x � µ j)T ]w= w j : (3.10)

Therespectivemaximumlikelihoodestimatesare:

µ j =
1
Nj

Nj

å
n= 1

xn; (3.11)

and,

K j =
1

Nj � 1

Nj

å
n= 1

(xn � µ j)(xn � µ j)T ; (3.12)

wherewehaveseparatedthetrainingdataXT = f xn;wngN
n= 1 into setsaccordingto class.
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3.3 Discriminants basedon GaussianDensity

We maywrite eqn.3.6asa discriminantfunction:

g j (x) = P(w j j x) =
p(x j w j )P(w j )

p(x)
; (3.13)

sothatclassi�cation,eqn.3.1,becomesamatterof assigningx to classw j if,

g j (x) > gk(x);8 k 6= j: (3.14)

Sincep(x), the denominatorof eqn.3.13 is the samefor all g j (x) andsinceeqn.3.14 involvescomparisononly, we may
rewrite eqn.3.13as

g j (x) = p(x j w j )P(w j ): (3.15)

We may derive a further possiblediscriminantby taking the logarithmof eqn.3.15— sincelogarithmis a monotonically
increasingfunction,applicationof it preservesrelativeorderof its arguments:

g j (x) = log p(x j w j ) + log P(w j ): (3.16)

In themultivariateGaussiancase,eqn.3.16becomes(Duda& Hart1973),

g j (x) = �
1
2

(x � µ j)TK � 1
j (x � µ j) �

p
2

log2p �
1
2

log j K j j + logP(w j ) (3.17)

Henceforth,wereferto eqn.3.17astheBayes-Gaussclassi�er.

ThemultivariateGaussiandensityprovidesa goodcharacterisationof pattern(vector)distribution wherewe canmodelthe
generationof patternsas`idealpatternplusmeasurementnoise'; for aninstanceof a measuredvectorx from classw j :

xn = µ j + en; (3.18)

whereen � N(0;K j ), thatis, thenoisecovarianceis classdependent.

3.4 Bayes-GaussClassi�er – SpecialCases

(Duda& Hart1973,pp. 26–31)

Revealingcomparisonswith theotherlearningparadigmswhichplayanimportantrole in this thesisaremadepossibleif we
examineparticularformsof noisecovariancein whichtheBayes-Gaussclassi�erdecaysto certaininterestinglimiting forms:

� EqualandDiagonalCovariances(K j = s2I ;8 j, whereI is theunit matrix); in thiscasecertainimportantequivalences
with eqn.3.17canbedemonstrated:

– Nearestmeanclassi�er;

– Lineardiscriminant;

– Templatematching;

– Matched�lter;

– Singlelayerneuralnetwork classi�er.

� Equalbut Non-diagonalCovarianceMatrices.

– Nearestmeanclassi�er usingMahalanobisdistance;
and,asin thecaseof diagonalcovariance,

– Lineardiscriminantfunction;

– Singlelayerneuralnetwork;
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3.4.1 Equal and DiagonalCovariances

Wheneachclasshasthesamecovariancematrix, andthesearediagonal,we have,K j = s2I , sothatK � 1
j = 1

s2 I . Sincethe
covariancematricesareequal,we caneliminatethe 1

2 j logK j j; the p
2 log2p termis constantin any case;thus,includingthe

simpli�cation of the(x � µ j)TK � 1
j (x � µ j), eqn.3.17mayberewritten:

g j (x) = �
1

2s2 (x � µ j)T (x � µ j) + logP(w j) (3.19)

=
1

2s2kx � µ j)k2 + logP(w j ): (3.20)

Nearestmeanclassi�er If we assumeequalprior probabilitiesP(w j ), thesecondtermin eqn.3.20maybeeliminatedfor
comparisonpurposesandweareleft with a nearestmeanclassi�er.

Linear discriminant If we furtherexpandthesquareddistanceterm,wehave,

g j (x) = �
1

2s2 (xTx � 2µT
j x + µT

j µ j ) + logP(w j); (3.21)

whichmayberewrittenasa linear discriminant:

g j (x) = w j0 + wT
j x (3.22)

where

wj0 = �
1

2s2 (µT
j µ j ) + logP(w j); (3.23)

and

w j =
1
s2 µ j : (3.24)

Template matching In this latter form the Bayes-Gaussclassi�er may be seento be performingtemplatematching or
correlationmatching,wherew j = constant� µ j , thatis, theprototypicalpatternfor classj, themeanµ j , is thetemplate.

Matched �lter In radarandcommunicationssystemsa matched�lter detectoris an optimumdetectorof (subsequence)
signals,for example,communicationsymbols. If thevectorx is written asa time series(a digital signal),x[n];n = 0;1; : : :
thenthematched�lter for eachsignal j maybeimplementedasa convolution:

y j [n] = x[n] � h[n] =
N� 1

å
m= 0

x[n� m] h j [m]; (3.25)

wherethekernelh[:] is a time reversedtemplate— that is, at eachtime instant,thecorrelationbetweenh[:] andthe last N
samplesof x[:] arecomputed.Providedsomethresholdis exceeded,thesignalachieving themaximumcorrelationis detected.

SingleLayer Neural Network If we restricttheproblemto two classes,we canwrite theclassi�cationruleas:

g(x) = g1(x) � g2(x) � 0: w1; otherwisew2 (3.26)

= w0 + wTx; (3.27)

wherew0 = � 1
2s2 (µT

1 µ1 � µT
2 µ2) + logP(w1)

P(w2)

andw = 1
s2 (µ1 � µ2).

In otherwords,eqn.3.27 implementsa linear combination,addsa bias,andthresholdsthe result— that is, a singlelayer
neuralnetwork with ahard-limit activationfunction.

(Duda& Hart1973)furtherdemonstratethateqn.3.20implementsa hyper-planepartitioningof thefeaturespace.
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3.4.2 Equal but GeneralCovariances

Wheneachclasshasthesamecovariancematrix,K, eqn.3.17reducesto:

g j (x) = � (x � µ j)TK � 1(x � µ j) + logP(w j ) (3.28)

NearestMean Classi�er, Mahalanobis Distance If we have equalprior probabilitiesP(w j ), we arrive at a nearestmean
classi�er wherethe distancecalculationis weighted. The Mahalanobisdistance(x � µ j )TK � 1

j (x � µ j ) effectively weights
contributionsaccordingto inversevariance.Pointsof equalMahalanobisdistancecorrespondto pointsof equalconditional
densityp(x j w j ).

Linear Discriminant Eqn.3.28mayberewrittenasa linear discriminant,seealsosection2.5:

g j (x) = w j0 + wT
j x (3.29)

where

wj0 = �
1
2

(µT
j K � 1µ j ) + logP(w j); (3.30)

and
w j = K � 1µ j : (3.31)

Weightedtemplate matching, matched�lter In this latterform theBayes-Gaussclassi�er maybeseento beperforming
weightedtemplatematching.

SingleLayer Neural Network As for thediagonalcovariancematrix, it canbeeasilydemonstratedthat, for two classes,
eqns.3.29–3.31maybe implementedby a singleneuron.Theonly differencefrom eqn.3.27is that thenon-biasweights,
insteadof beingsimplea differencebetweenmeans,is now weightedby theinverseof thecovariancematrix.

3.5 Least squareerror trained classi�er

We canformulatetheproblemof classi�cationasa least-square-errorproblem.Let usrequiretheclassi�er to outputa class
membershipindicator2 [0;1] for eachclass,we canwrite:

d = f (x) (3.32)

whered = (d1;d2; : : :dc)T is thec-dimensionalvectorof classindicatorsandx, asusual,thep-dimensionalfeaturevector.

We canexpressindividualclassmembershipindicatorsas:

d j = b0 +
p

å
i= 1

bixi + e: (3.33)

In order to continue the analysis, we recall the theory of linear regression
(Beck& Arnold 1977).

Linear Regression Thesimplestlinearmodel,y = mx+ c, of schoolmathematics,is givenby:

y = b0 + b1x+ e; (3.34)

whichshowsthedependenceof thedependentvariabley on theindependentvariablex. In otherwords,y is a linearfunction
of x andtheobservationis subjectto noise,e; e is assumedto bea zero-meanrandomprocess.Strictly eqn.3.34is af�ne,
sinceb0 is included,but commonusagedictatesthe useof linear. Taking the nth observationof (x;y), we have (Beck &
Arnold 1977,p. 133):

yn = b0 + b1xn + en (3.35)
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Leastsquareerror estimatorsfor b0 andb1, b̂0 and b̂1 may be obtainedfrom a setof pairedobservationsf xn;yngN
n= 1 by

minimisingthesumof squaredresiduals:

S=
N

å
n= 1

r2
n =

N

å
n= 1

(yn � ŷn)2 (3.36)

S=
N

å
n= 1

(yn � b0 � b1xn)2 (3.37)

Minimising with respectto b0 andb1, andreplacingthesewith their estimators,b̂0 andb̂1, givesthefamiliar result:

b̂1 = N[å ynxn � (å yi)(å xi)]=[N(å x2
i ) � (å xi )2] (3.38)

b̂0 =
å yn

N
xn �

b̂1å xn

N
(3.39)

Thevalidity of theseestimatesdoesnot dependon thedistribution of theerrorsen; that is, assumptionof Gaussianityis not
essential.On theotherhand,all thesimplestestimationprocedures,includingeqns.3.38and 3.39,assumethexn to beerror
free,andthattheerroren is associatedwith yn.

In the casewherey, still one-dimensional,is a function of many independentvariables— p in our usualformulationof
p-dimensionalfeaturevectors— eqn.3.35becomes:

yn = b0 +
p

å
i= 1

bixin + en (3.40)

wherexin is thei-th componentof then-th featurevector.

Eqn.3.40canbewrittencompactlyas:
yn = xT

n b + en (3.41)

whereb = (b0;b1; : : : ;bp)T is a p+ 1 dimensionalvectorof coef�cients, andxn = (1;x1n;x2n; : : : ;xpn) is the augmented
featurevector. Theconstant1 in theaugmentedvectorcorrespondsto thecoef�cient b0, thatis it is thesocalledbiastermof
neuralnetworks,seesections2.5and4.

All N observationequationsmaynow becollectedtogether:

y = Xb + e (3.42)

where y = (y1;y2; : : : ;yn; : : : ;yN)T is the N � 1 vector of observations of the dependent variable, and e =
(e1;e2; : : : ;en; : : : ;eN)T . X is theN � p+ 1 matrix formedby N rowsof p+ 1 independentvariables.

Now, thesumof squaredresiduals,eqn.3.36,becomes:

S= (y � Xb̂)T : (3.43)

Minimising with respectto b — just aseqn.3.36wasminimisedwith respectto b0 andb1 — leadsto a solutionfor b̂ (Beck
& Arnold 1977,p. 235):

b̂ = (XTX)� 1XTy: (3.44)

The jk-th elementof the (p+ 1) � (p+ 1) matrix XTX is å N
n= 1xnjxnk, in otherwords, just N� the jk-th elementof the

autocorrelationmatrix,R, of thevectorof independentvariablesx estimatedfrom theN samplevectors.

If, asin theleast-square-errorclassi�er, wehavemultipledependentvariables(y), in thiscase,c of them,wecanreplacey in
eqn.3.44with anappropriatematrixN � c matrixY formedby N rowseachof c observations.Now, eqn.3.44becomes:

B̂ = (XTX)� 1XTY (3.45)

XTY is a p+ 1� c matrix,andB̂ is a (p+ 1) � c matrix of coef�cients — that is, onecolumnof p+ 1 coef�cients for each
class.

Eqn.3.45de�nesthetraining`algorithm' of our classi�er.
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Applicationof theclassi�er to a featurevectorx maybeexpressedas:

ŷ = B̂x: (3.46)

It remainsto �nd themaximumof thec componentsof ŷ.

In a two-classcase,this least-square-errortrainingalgorithmyieldsan identicaldiscriminantto Fisher's lineardiscriminant
(Duda& Hart1973).Fisher's lineardiscriminantis describedin sectionA.2.

Eqn. 3.45 hasonesigni�cant weakness:it dependson the conditionof the matrix XTX. As with any autocorrelationor
auto-covariancematrix, this cannotbeguaranteed;for example,linearly dependentfeatureswill renderthematrix singular.
In fact, thereis an elegantindirect implementationof eqn.3.45 involving the singularvaluedecomposition(SVD) (Press,
Flannery, Teukolsky & Vetterling1992),(Golub & Van Loan 1989). The Widrow-Hoff iterative gradient-descenttraining
procedure(Widrow & Lehr 1990)developedin theearly1960stacklestheproblemin a differentmanner.

3.6 Generalisedlinear discriminant function

Eqn.2.13maybeadaptedto copewith any function(s)of thefeaturesxi ; we cande�ne anew featurevectorx0where:

x0
k = fk(x): (3.47)

In the patternrecognitionliterature,the solutionof eqn.3.47 involving now the vectorx0 is called the generalisedlinear
discriminantfunction(Duda& Hart1973,Nilsson1965).

It is desirableto escapefrom the �x ed modelof eqn.3.47: the form of the fk(x) mustbe known in advance. Multilayer
perceptron(MLP) neuralnetworksprovide sucha solution. We have alreadyshown thecorrespondencebetweenthe linear
model,eqn.3.41,anda singlelayerneuralnetwork with a singleoutputnodeandlinearactivationfunction. An MLP with
appropriatenon-linearactivationfunctions,e.g. sigmoid,providesa model-freeandarbitrarynon-linearsolutionto learning
themappingbetweenx andy (Kosko 1992,Hecht-Nielsen1990,Haykin1999).
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Chapter 4

Neural networks

Herewe show thata singleneuronimplementsa lineardiscriminant(andhencealsoimplementsa separatinghyperplane).
Thenweproceedto adiscussionwhichindicatesthataneuralnetwork comprisingthreeprocessinglayerscanimplementany
arbitrarily complex decisionregion.

Recalleqn.2.12,with ai ! wi , andnow (arbitrarily) allocatingdiscriminantvaluezeroto class0,

g(x) =
p

å
i= 1

wixi � w0

(
� 0; w = 0
> 0; w = 1:

(4.1)

Figure4.1showsa singlearti�cial neuronwhich implementspreciselyeqn.4.1.

w0

x1

x2

.

.

.
xp

+1 (bias)

w1

w2

wp

Figure4.1: Singleneuron.

Thesignal�o ws into theneuron(circle) areweighted;theneuronreceiveswixi . Theneuronsumsandappliesa hardlimit
(output= 1 whensum> 0, otherwise0). Laterwe will introducea sigmoidactivationfunction(softertransition)insteadof
thehardlimit.

Thethresholdtermin thelineardiscriminant(a0 in eqn.2.13)is providedby w0 � + 1. Anotherinterpretationof bias,useful
in mathematicalanalysisof neuralnetworks, seesection3.5, is to representit by a constantcomponent,+1, asthe zeroth
componentof theaugmentedfeaturevector.

Just to reemphasisethe linear boundarynatureof linear discriminants(and henceneural networks), examine the two-
dimensionalcase,

w1x1 + w2x2 � w0

(
� 0; w = 0
> 0; w = 1:

(4.2)

Theboundarybetweenclasses,givenby w1x1 + w2x2 � w0 = 0, is astraightline with x1-axisinterceptat � w0=w1 andx2-axis
interceptat � w0=w2, seeFigure4.2.
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x1

x2

�w0/w2

�w1/w0

Figure4.2: Separatingline implementedby two-inputneuron.
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4.1 Neuronsfor BooleanFunctions

A neuronwith weightsw0 = � 0:5;andw1 = w2 = 0:35 implementsa BooleanAND:

x1 x2 AND(x1,x2) Neuron summation Hard-limit (>0?)
----------------- ------------------- --- --- --- -- --------------
0 0 0 sum = -0.5 + 0.35x1 + 0.35x2 = -0.5 => output= 0
1 0 0 sum = -0.5 + 0.35x1 + 0.35x2 = -0.15 => output= 0
0 1 0 sum = -0.5 + 0.35x1 + 0.35x2 = -0.15 => output= 0
1 1 1 sum = -0.5 + 0.35x1 + 0.35x2 = +0.2 => output= 1
------------------ ------------------- --- --- --- --- -------------

Similarly, a neuronwith weightsw0 = � 0:25;andw1 = w2 = 0:35 implementsaBooleanOR.

Figure4.3showsthex1-x2-planerepresentationof AND, OR,andXOR (exclusive-or).

x1

x2 x2

x1

x2

x1

AND OR XOR

1

1 1

1 1

1

0

0

0

1

0

1

1

1

0

1

1

0

Figure4.3: AND, OR,XOR.

It is notedthatXOR cannotbeimplementedby a singleneuron;in factit requiredtwo layers.Two layerwerea big problem
in the�rst wave of neuralnetwork researchin the1960s,whenit wasnot known how to trainmorethanonelayer.

4.2 Thr ee-layer neural network for arbitrarily complexdecisionregions

The purposeof this sectionis to give an intuitive argumentasto why threeprocessinglayerscanimplementan arbitrarily
complex decisionregion.

Figure4.4showssucha decisionregion in two-dimensions.

As shown in the�gure, however, each̀ island' of class1 maybedelineatedusingaseriesof boundaries,d11;d12;d13;d14 and
d21;d22;d23;d24.

Figure4.5showsa three-layernetwork whichcanimplementthisdecisionregion.

First, justasbefore,inputneuronsimplementseparatinglines(hyperplanes),d11,etc.Next, in layer2, weAND togetherthe
decisionsfrom theseparatinghyperplanesto obtaindecisions,̀ in island1', `in island2'. Finally, in theoutputlayer, we OR
togetherthelatterdecisions;thuswe canconstructanarbitrarily complex partitioning.

Of course,this is merelyan intuitive argument.A threelayerneuralnetwork trainedwith back-propagationor someother
techniquemightwell achievethepartitioningin quitea differentmanner.

4.3 Sigmoidactivation functions

If aneuralnetwork is to betrainedusingbackpropagationor similar technique,hard limit activationfunctionscauseproblems
(associatedwith differentiation).Sigmoidactivationfunctionsareusedinstead.A sigmoidactivationfunctioncorresponding
to thehardlimit progressesfrom outputvalue0 at � ¥ , passesthrough0 with value0.5and�attens outat value1 at+ ¥ .
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Figure4.4: Complex decisionregion required.
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Figure4.5: Three-layerneuralnetwork implementinganarbitrarily complex decisionregion.
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Appendix A

Principal ComponentsAnalysisand Fisher's
Linear Discriminant Analysis

A.1 Principal ComponentsAnalysis

Principalcomponentanalysis(PCA),alsocalledKarhunen-Lo�evetransform(Duda,Hart & Stork2000)is a linear transfor-
mationwhich mapsa p-dimensionalfeaturevectorx 2 Rp to anothervectory 2 Rp wherethe transformationis optimised
suchthatthecomponentsof y containmaximuminformationin a least-square-error sense. In otherwords,if wetakethe�rst
r � p components(y02 Rq), thenusingtheinversetransformation,wecanreproducex with minimumerror. Yetanotherview
is that the�rst few componentsof y containmostof thevariance, that is, in thosecomponents,thetransformationstretches
thedatamaximally apart. It is this thatmakesPCA goodfor visualisationof thedatain two dimensions,i.e. the �rst two
principalcomponentsgiveanoptimumview of thespreadof thedata.

Wenotehowever, unlike linear discriminantanalysis, seesectionA.2, PCAdoesnot takeaccountof classlabels.Henceit is
typically a moreusefulvisualisationof theinherentvariability of thedata.

In generalx canberepresented,withouterror, by thefollowing expansion:

x = Uy =
p

å
i= 1

yiui (A.1)

where

yi is theith componentof y and (A.2)

where

U = (u1;u2; : : : ;up) (A.3)

is anorthonormalmatrix:
ut

j uk = djk = 1; wheni = k; otherwise= 0: (A.4)

If we truncatetheexpansionat i = q

x0= Uqy =
q

å
i= 1

yiui ; (A.5)

we obtaina leastsquareerror approximationof x, i.e.

jx � x0j = minimum: (A.6)
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Theoptimumtransformationmatrix U turnsout to betheeigenvectormatrix of thesamplecovariancematrixC:

C =
1
N

AtA; (A.7)

whereA is theN � p samplematrix.

UCUt = L ; (A.8)

thediagonalmatrixof eigenvalues.

A.2 Fisher'sLinear Discriminant Analysis

In contrastwith PCA (seesectionA.1), linear discriminantanalysis(LDA) transformsthe datato provide optimal class
separability(Dudaet al. 2000)(Fisher1936).

Fisher'soriginalLDA, for two-classdata,is obtainedasfollows.Weintroducealineardiscriminantu (ap-dimensionalvector
of weights— theweightsarevery similar to theweightsusedin neural networks) which, via a dot product,mapsa feature
vectorx to ascalar,

y = utx: (A.9)

u is optimisedto maximisesimultaneously, (a) theseparabilityof theclasses(between-classseparability), and(b) theclus-
teringtogetherof sameclassdata(within-classclustering). Mathematically, this criterioncanbeexpressedas:

J(u) =
utSBu
utSWu

: (A.10)

whereSB is thebetween-classcovariance,

SB = (m1 � m2)(m1 � m2)t ; (A.11)

and

Sw = C1 + C2; (A.12)

thesumof theclass-conditionalcovariancematrices,seesectionA.1.

m1 andm2 aretheclassmeans.

u is now computedas:

u = S� 1
w m1 � m2: (A.13)

Thereareotherformulationsof LDA (Dudaetal. 2000)(Venables& Ripley 2002),particularlyextensionsfrom two-classto
multi-classdata.

In addition,thereareextensions(Dudaet al. 2000)(Venables& Ripley 2002)which form a seconddiscriminant,orthogonal
to the �rst, which optimisesthe separabilityand clusteringcriteria, subjectto the orthogonalityconstraint. The second
dimension/discriminantis usefulto allow thedatato beview asa two-dimensionalscatterplot.
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